For a variety of infinite sets of positive integers d related to odd prime powers we describe a simple construction of Cayley graphs of diameter two and given degree d which have order close to d 2 /2. © 2005 Elsevier B.V. All rights reserved.
open problem is whether values close to the Moore bound can be obtained by graphs that are vertex-transitive or Cayley. This is, in a very strong sense, the case for diameter two and the degrees d = 2, 3, and 7, since the corresponding graphs (the pentagon, the Petersen graph, and the Hoffman-Singleton graph) are vertex-transitive and have order equal to the Moore bound d 2 + 1. Investigation of large vertex-transitive and Cayley graphs has thus generated an independent path of research in the degree-diameter problem.
Let Cay(d, 2) and vt(d, 2) be the largest order of a Cayley graph and a vertex-transitive graph, respectively, of degree d and diameter two. Clearly,
, valid for all d 2, results from Cayley graphs for the direct product of cyclic groups Z (d+2)/2 × Z (d+2)/2 with the generating set consisting of all pairs (x, y) in which exactly one of x, y is equal to zero [7] . In the vertex-transitive category the current record holders are the McKay-Miller-Širáň graphs [6] , which are non-Cayley graphs showing that vt(d, 2)
2 for all d = (3q − 1)/2 where q is a prime power congruent to 1 (mod 4). To the best of authors' knowledge, these were the only results on large vertex-transitive and Cayley graphs of diameter two available at the time of this writing. Other known results for Cayley graphs, such as those of [3] , deal with graphs of larger diameter.
In what follows we give a surprisingly simple construction of Cayley graphs of diameter two which show that
2 /2 for an infinite set of degrees d. This improves the above folklore result by a factor of two. A modification of the construction yields an infinite number of other infinite sets of degrees and leads to a bound which is, in some sense, arbitrarily close to d 2 /2. We point out that all these degree sets are different from the one associated with the previously mentioned result of [6] .
It should be no surprise that our construction is based on finite fields. Let F = GF (q) be the Galois field of an odd prime power order q. We denote by F + the additive group of F. The direct product F + × F + has an automorphism of order two that interchanges each element with its negative. We will be working with the extension of the group F + × F + by , that is, with the semidirect product G = (F + × F + )
. Elements of the group G will be written in the form (a, b, i) where i ∈ {1, −1}Z 2 . Multiplication in G is then given by (a, b, i)(a , b , i 
Clearly, the set X is a generating set for G and is closed under inverses, that is, X = X −1 . We therefore may form the (undirected) Cayley graph = Cay(G, X). We will occasionally write (q) instead of to emphasize the dependence of the Cayley graph on q.
Theorem 1. The graph (q) has diameter two for any odd prime power q.
Proof. Since (q) is a Cayley graph, it is sufficient to show that any nonidentity element of G\X is a product of two generators from X. This is clear for elements of the form The graph = (q) has order |G| = 2q 2 and degree d = |X| = 2q − 1. Therefore,
2 /2 for any d such that d = 2q − 1 where q is an odd prime power. In order to obtain bounds close to d 2 /2 for other infinite sequences of degrees one may simply add involutions to the generating set X of the group G. For example, adding exactly one involution to X yields a Cayley graph of the same order 2q 2 
The disadvantage of adding more involutions is the increasing degree while the order of the graphs remains the same. Nevertheless, this process still yields bounds of the form Cay(d, 2) 
Since 2q 2 is the order of the graph Y , our theorem follows.
We remark that the Cayley graphs of Theorem 1 can be obtained as lifts of dipoles (with voltages in F + × F + ) in a way similar to the construction of the McKay-Miller-Širáň graphs given in [8] . In this connection it is interesting to mention the result of [9] that sets an upper bound for this type of construction: If a dipole with a voltage assignment in an abelian group lifts to a graph of large degree d and diameter two, then its order never exceeds 0.932d 2 .
